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Abstract
The ﬂow dynamics of the adsorbed solute is studied under the inﬂuence of viscosity contrast between the localised solvent and the
displacing ﬂuid. This viscosity contrast leads to viscous ﬁngering at either of the interfaces of the solvent. Alongside, the solute
dynamics is getting aﬀected by its solvent modulated adsorption also. To explore the eﬀect of this physico-chemical phenomena
on the broadening of the multiphase solute, we present a comparative study of unstable frontal and rear interface of sample having
eluting strength larger than the displacing ﬂuid. The study showed that viscous ﬁngering at the frontal interface of the sample
solvent combined with the solvent strength, intensiﬁes the band broadening of the solute zone. Whereas, it counteracts when the
viscous ﬁngering is at the rear interfce of the sample solvent. A comparative study is performed to analyze the degree of mixing
which shows that the less viscous sample leads to faster mixing of adsorbed solute in comparison to the more viscous one.
c© 2014 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of Indian Institute of Technology, Hyderabad.
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1. Introduction
Transport of solute in porous media is important in many technological and environmental processes. The distribu-
tion of solute concentration can get altered by a hydrodynamic instability known as viscous ﬁngering (VF), which has
been observed when a less viscous ﬂuid displaces a more viscous one in a porous media1,2. The various applications
like separation processes using liquid chromatography, soil or water contamination, in which the displaced ﬂuid is
localized in a ﬁnite space, ﬁngering can occur on either of the interfaces of the ﬂuid. Speciﬁcally, if the displacing
ﬂuid is less viscous than the displaced ﬂuid then the rear interface is unstable and if displacing ﬂuid is more viscous
than the other interacting ﬂuid, frontal interface shows the ﬁngering pattern. VF instability has been studied exper-
imentally in chromatography column and shows the occurance of distortions at the interface of the solute whenever
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there is visocisty contrast between the solute and the displacing ﬂuid3,4. The theoretical investigations of instability
with more viscous ﬁnite layer of sample has been studied by means of numerical simulations5,6. It is shown that VF
is a transient phenomenon as viscosity contrast between the interplaying ﬂuids reduces with their mixing. A compar-
ative study of the inﬂuence of more and less viscous sample has been shown that the peak broadening is larger when
sample is less viscous than the displacing ﬂuid7.
Alongside the ﬂuid interactions which causes VF, there can be interactions of the ﬂuid with the porous media via
adsorption8. Due to adsorption, the solute concentration gets divided into two phases: the mobile phase/liquid phase
ca,m and the stationary phase/solid phase ca,s. The adsorption isotherm, i.e., the curve between the liquid and the solid
phase, describe and predict the transportation of the solute on subsurface system. This paper focuses on the interaction
of both the mobile and stationary phases of the solute using linear adsorption isotherm. The experimental studies have
shown that the solute with more retention power is less aﬀected by VF of the solvent, hence normal peaks are observed
in case of chromatography3. Whereas, distorted peaks are obtained when solute comes under the inﬂuence of VF of
the solvent. Thus, there is enhancement in spreading of solute zone in the presence of VF as compared to the pure
dispersion9. The comparative studies for more and less viscous sample, have shown that in the presence of adsorption
the impact of VF on the solute propagation is further reduced when sample is less viscous10.
The strength of the solute can be modulated by the solvent concentration. The solvents stronger than the displacing
ﬂuid intensiﬁes the band broadening of the solute concentration11,12. The migration velocity of the solute takes
diﬀerent values when it is surrounded by solvent than the displacing ﬂuid, which gives rise to the bimodal distribution
of the solute concentration13. When both the solvent strength and VF of the sample solvent starts aﬀecting the
solute propagation, the system becomes more complex. It has been observed experimentally that presence of strong
solvent aﬀect the solute propagation depending on ﬁngering at frontal or rear interface of the sample14. A theoretical
investigation has been done by Rana et al. (2014)15 with combined inﬂuence of strong sample solvent and VF at rear
interface of the sample. It has been found that these two perturbations, VF and solvent strength, leads to reduction in
the band broadening of the solute zone15. We present here a comparative study of the inﬂuence of VF at either of the
interfaces of the solvent, on the solute concentration which undergoes solvent modulated adsorption.
Fig. 1. Sketch of the system.
2. Mathematical formulation
A schematic of the miscible displacement of the three component system (the localised solvent, solute and the
displacing ﬂuid) in a porous media is shown in Fig.1. The viscosity of the system μ(c) is ruled by the solvent
concentration through an exponential relation of Arrhenius type5,6:
μ(c) = eRc, (1)
where R is the log mobility ratio deﬁned as R = ln(μ2/μ1). The solute gets adsorbed on the porous matrix following
a linear adsorption isotherm as ca,s = Kca,m, where K is the equilibrium constant. The retention of the solute is
characterized by adsorption parameter k = FK where F = Vs/Vm i.e. the phase ratio of volume of the stationary and
mobile phase of the solute. Since the sample is assumed to be stronger than the displacing ﬂuid, hence the retention
of the solute is also ruled by solvent concentration c by following relation16:
k(c) = kme−S
∗c, (2)
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where S ∗ is the solvent strength parameter and km is the retention parameter of the solute in mobile phase (cf. Mishra
et al. (2013))13. The solvent migration is modelled by Darcy’s law along with convection-diﬀusion equation for the
mass conservation of the solvent and the solute. The system is non-dimensionalised by taking ca,0 as the reference
concentration for the solute, injection velocity U as the characteristic velocity, the length scale as Lc = Dx/U and a
time scale as tc = Dx/U2. The dimensionless equations in a frame moving with injection velocity U are: (for detailed
derivation cf. Rana et al.15):
∇ · u = 0, (3)
∇p = −μ(c)(u + ex), (4)
∂c
∂t
+ u · c = ∂
2c
∂x2
+ 
∂2c
∂y2
, (5)
∂ca,m(1 + k(c))
∂t
+ u
∂ca,m
∂x
− ∂ca,m(k(c))
∂x
+ v
∂ca,m
∂y
= δ
[
∂2ca,m
∂x2
+ a
∂2ca,m
∂y2
]
, (6)
Here u = (u, v) velocity vector in x and y direction, ex is unit vector in x direction, μ is the viscosity of the ﬂuid, p
is the pressure, ca,m is the solute concentration in mobile phase,  = Dy/Dx, a = Da,y/Da,x and δ = Da,x/Dx. The
dimensional computational domain Lx × Ly is non-dimensionalised to L′ × Pe. Also, the width of the sample and the
solute is set to be l and l/(1 + ks) respectively. After applying vorticity stream-function formulation, the governing
equations Eq.3-Eq.6 for the three component system are solved by Fourier-pseudo spectral method as decsribed by
Rana et al. (2014)15. The periodic boundary conditions are applied along the transverse and longitudinal directions
with the domian being divided into 8192 × 128 grid points. Our objective is to present a comparative study of the
solute propagation with the fronal and rear perturbed interface of the sample solvent and adsorption of the solute being
dependent on the sample concentration.
(a) (b)
Fig. 2. Evolution of solute concentration ca with l = 512, δ =  = a = 1, km = 2 and S ∗ = 3 for (a) R = 3 (b) R = −3 at t = 0, 500, 1000, 2000, 6000
(from top to bottom).
3. Results and Discussion
The adsorption of the solute on the porous matrix, leads to occurrence of the solute at any instant in two phases:
stationary and mobile phase. In order to track the evolution of solute, we calculate from Eq.6 the local overall
concentration of the solute ca(x, y, t) proportional to (1 + k(c))ca,m. To compare the eﬀect of unstable rear and frontal
interfaces of the solvent on the adsorbed solute, the evolution of ca(x, y, t) is shown in Fig.(2) for km = 2, S ∗ = 3, Pe =
512,  = a = δ = 1. The VF dynamics of the solvent aﬀects the concentration ﬁeld of the solute and deforms it. The
ﬁngering occurs at rear interface of the sample for R > 0, hence rear interface of solute shows ﬁngering dynamics
(Fig.2(a)). Whereas, the ﬁngers develop at the frontal interface of the solute plug when R < 0 (Fig.2(b)). Due to
adsorption of the solute zone on the porous matrix with concentration modulated retention, the solute zone develop
two signiﬁcant concentration regions15. One aﬀected by VF of the sample solvent referred to as the locked-in region
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and the other one is dragged with the displacing ﬂuid referred as the dragged-along region, which features a pure
dispersive regime. The dragged along solute zone spreads in the upstream direction. The ﬁngers developed in the
locked-in region for R = 3, spreads in the upstream direction. However, for R = −3, the forward ﬁngers of the solvent
deforms the frontal interface of the locked-in solute zone. Hence, ﬁngers of solute concentration moves in forward
direction due to convective motion. Thus, the proﬁle of the solute zone spreads in both upstream and downstream
directions for R = −3. The adsorption and VF when combined enhances the eﬀect of each other for less viscous
sample whereas they blot each other when the sample is more viscous.
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Fig. 3. (a) Degree of mixing of the solute concentration, χ, for km = 2, S ∗ = 3, l = 512, δ = 1,  = 1, a = 1 with R = −3 and 3 (b) The zoomed in
of degree of mixing.
The two perturbations, VF and solvent modulated adsorption, also aﬀects the mixing rate of the solute zone. We
compare the eﬀect of more and less viscous sample on the mixing of the adsorbed solute by quantifying the mixing
rate χ(t) from the 2D-variance σ22D of the solute deﬁned as
17:
χ(t) = 1 − σ22D/σ22D,max (7)
Fig.3(a), shows the log-log plot of the rate of mixing of the solute for km = 2, S ∗ = 3 for R = 3 and R = −3. The
mixing rate of the solute is same for R = 3 and R = −3 initially, but vary subsequently after the onset of VF in the
sample zone (see Fig.3(b)). It has been observed from Fig.3(b) that for R = −3 the mixing rate of the solute accelerates
faster with as soon as it gets aﬀected by the ﬁngering of the sample solvent. Hence the presence of less viscous sample
leads to faster mixing of adsorbed solute in comparison to the more viscous one. The mixing rate saturates after the
dominance of the dispersion over the convective ﬂow, thus, asymptotically approaching to the perfectly mixed state
which corresponds to χ = 1 in Fig.3(a).
Since there is considerable diﬀerence between the solute dynamics for R > 0 and R < 0, we next analyse the eﬀect
of  i.e. the ratio of dispersion coeﬃcients of the sample on the spreading of the solute. For that we evaluate the
variance of the transversely average concentration proﬁle of the total solute mass c¯a(x, t) as follows:
σa
2(t) =
∫
0
L′
c¯a(x, t)[x − m(t)]2dx∫
0
L′
c¯a(x, t)dx
, (8)
where m(t) =
∫
0
L′
x f (x, t)dx, is the ﬁrst moment of f (x, t), where f (x, t) = c¯a(x, t)/
∫
0
L′
c¯a(x, t)dx, is the probability
density function of the continuous distribution of the total solute mass. The reason for using the total solute mass is
explained later.
In Fig.4(a) we plotted the variance of the solute zone due to VF and solvent strength σ2a, f s obtained after subtracting
the contribution due to dispersion and initial width from the total variance. The variance of the solute zone decreases
with decreasing  from 1 until 0.5. For further decrease in the dispersion ratios, i.e  ≤ 0.5 the variance again start
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increasing. This type of behaviour of the solute variance is in contrast to the case of R > 0, in which the decrease
in  leads to decrease in variance of the solute zone15. To understand this change in behavior for R < 0, we plot in
Fig.4(b) (a zoomed of Fig.4(a)) the variance of solute zone for diﬀerent  = 1, 0.5, 0.2. The corresponding density
proﬁle of the solute zone at time t = 3000 is shown in Fig.4(c). Variance quantiﬁes the spreading of the concentration
distribution and the density proﬁle for  = 1 shows merging of ﬁngers with larger wavelengths. Hence the solute
channel through the displacing ﬂuid in the downstream direction leading to the larger spreading of the concentration
distribution. Where as for  = 0.5 in ﬁg.4(c), shortwave ﬁngers are formed with lesser merging that results in decrease
in the variance. However, on further decreasing , there is occurrence of ﬁne scale ﬁngers which individually channel
through the displacing ﬂuid (see Fig.4(c) for  = 0.2). Hence those ﬁngers contribute further to increase in spreading
of the solute. This kind of behavior of the solute propagation is not observed when there is no adsorption of solute6
i.e. km = 0 or there is no solvent strength involved10 i.e. S ∗ = 0.
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Fig. 4. (a) Temporal evolution of the combined contributions of solvent strength eﬀect and VF of sample solvent to the solute variance in mobile
phase, σ2a, f s, for diﬀerent values of  with km = 2, S
∗ = 3, l = 512, δ = 1, a = 1 and R = −3. (b) Zoomed in of (a). (c) Corresponding density
proﬁles of the solute zone at t = 3000 with  = 0.2, 0.5, 1 from top to bottom.
Now, we would like to explain the necessity of using the total solute mass for quantifying the eﬀects through
variance. Considering only the variance of the mobile phase concentration distribution c¯a,m instead of the total solute
concentration c¯a can lead to an unphysical result as follows. Similar to the Eq. 8, the temporal evolution of average
solute concentration in mobile phase c¯a,m due to combined VF and solvent strength eﬀects can be computed as σ2m, f s =
σ2m − σ2m,0. Where, σ2m is the variance of the solute in the mobile phase and σ2m,0 is the contribution of both the
initial length of the solute zone and dispersive proﬁle in the pure mobile phase. It is observed that σ2m, f s decreases
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after attaining a maximum as depicted in Fig.5. This seems, at ﬁrst look, physically unrealistic as the variance, or
a contribution to the variance, of a zone is expected to steadily increase in time. However, in a chromatographic
column, the fraction of solute present in the liquid phase is 1/(1 + k(c)). Therefore, as c, the volume fraction of the
sample solvent in the liquid phase, decreases with increasing time, k(c) increases and the solute fraction in the liquid
phase decreases. This is particularly signiﬁcant in the upstream part of the solute zone and the contribution of this
part to σ2m, f s decreases, which leads to a decrease of σ
2
m, f s as time elapses. Hence, the variance of the total average
concentration, σ2a, f s must be considered to get meaningful conclusions about the distribution of the solute along the
column.
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Fig. 5. Temporal evolution of the combined contributions of solvent strength eﬀect and VF of sample solvent to the solute variance in mobile phase,
σ2m, f s, for diﬀerent values of R with km = 5, S
∗ = 4, l = 512, δ =  = a = 1.
4. Conclusion
The dispersion dynamics of the adsorbed solute zone with lesser viscous sample varies signiﬁcantly from the more
viscous sample. An extreme case of band broadening is observed for R = −3 which may lead to failure of separation in
chromatography or enhancement in spreading of contaminants in soil or water resources. A statitical analysis shows
that the mixing rate of the solute is also enhanced with R < 0 in comparison to R > 0. The decreasing value of
 ≥ 0.5 stabilizes the solute dynamics as σ2a, f s decreases with decrease in . However, it again destabilizes the solute
propagation on further reduction from  < 0.5. Where as for R > 0, decreasing  always has a stabilizing eﬀect on the
solute dyanmics15. Hence, we conclude that the physico-chemical phenomena of VF and solvent strength, reinforce
the eﬀect of each other for R < 0 whereas they counteract when R > 0.
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